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Abstract. The random waypoint model is a commonly used mobility model for simulations of wireless
communication networks. By giving a formal description of this model in terms of a discrete-time stochastic
process, we investigate some of its fundamental stochastic properties with respect to: (a) the transition length
and time of a mobile node between two waypoints, (b) the spatial distribution of nodes, (c) the direction angle at
the beginning of a movement transition, and (d) the cell change rate if the model is used in a cellular—structured
system area.

The results of this paper are of practical value for performance analysis of mobile networks and give
a deeper understanding of the behavior of this mobility model. Such understanding is necessary to avoid
misinterpretation of simulation results. The movement duration and the cell change rate enable us to make
a statement about the ‘degree of mobility’ of a certain simulation scenario. Knowledge of the spatial node
distribution is essential for all investigations in which the relative location of the mobile nodes is important.
Finally, the direction distribution explains in an analytical manner the effect that nodes tend to move back to
the middle of the system area.
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1. Introduction and Motivation

Mobility models are important building blocks in simulation—based studies of wireless net-
works. Researchers in this area can choose from a variety of models that have been developed
in the wireless communications and mobile computing community during the last decades
[4, 13,18, 22, 29]. Moreover, well-known motion models from physics and chemistry —such
as random walk or Brownian motion —and models from transportation theory [8,15,16] are
used in simulations of mobile networks. Surveys and classifications on this topic can be found
in [4,16,19,20,29].

A very popular and commonly used mobility model is the random waypoint (RWP) model.
It is implemented in the network simulation tools ns-2 [2] and GloMoSim [1] and used in
several performance evaluations of ad hoc networking protocols [9,11,17]. This mobility model
is a simple and straightforward stochastic model that describes the movement behavior of a

* Corresponding author. Ph: 449 89 289 25813, Fax: 23523

';ﬁ © 2003 Kluwer Academic Publishers. Printed in the Netherlands.



2 Bettstetter et al.

mobile network node in a given system area as follows (see Fig. 1): A node randomly chooses
a destination point (‘waypoint’) in the area and moves with constant speed on a straight line
to this point. After waiting a certain pause time, it chooses a new destination and speed,
moves with constant speed to this destination, and so on. The movement of a node from a
starting position to its next destination is denoted as one movement period or transition in
this paper. The destination points are uniformly randomly distributed on the system area.

In previous work [4], Bettstetter noted that a fundamental knowledge of the behavior of this
model is important to interpret simulation results correctly. Although many researchers use the
RWP model in their simulations, a basic understanding of its impact on the simulation results
is still lacking. The paper at hand addresses this issue. It presents a detailed investigation of
some stochastic characteristics of the RWP model.

Our contributions are as follows: In Section 2 we define the RWP model in a formal manner
as a discrete—time stochastic process. Based on this description, Section 3 derives typical
stochastic parameters of a node’s traveled distance and time during one movement transition
by making use of some classical results of geometrical probability theory. In particular, we give
equations for the expected value, variance, and probability density function of the transition
length in a circular and rectangular system area. Next, we discuss the mapping from transition
length to duration, where we consider scenarios with and without pause time at the destination
waypoints. We are interested in this duration because it defines a ‘mobility metric’ that can
be used to describe a certain simulation scenario. Section 4 discusses in detail the spatial
distribution of nodes moving according to the RWP model. It was already mentioned in
previous papers that this distribution is non—uniform (see, e.g., [4,25]). This property has
important consequences for all simulation—based studies in which the relative position of nodes
is of relevance (e.g., studies of power control, medium access control protocols). Thus, knowing
the spatial node distribution of the RWP model is an essential requirement for investigations
in this field. In Section 5, we calculate the probability density function of the movement
direction of a node at a given location. This direction distribution describes analytically
the effect reported in [4,25] that RWP nodes tend to move back from the border to the
middle of the area. In Section 6, we employ the RWP model to study the movement of
mobile stations in a cellular—structured network. Using a simple, rectangular cell layout, we
investigate the expected number of cell changes per movement period and the expected number
of cell changes per unit time, i.e., the cell change rate. Section 7 outlines related work on the
random waypoint model, and, finally, Section 8 summarizes our main results.

2. Definition of the RWP Stochastic Process

This paper studies random waypoint movement in a one— or two—dimensional system space A.
In one dimension we consider a line segment; in two dimensions we consider a rectangular
area of size a X b or a circular area with radius a. For proper nomenclature, several random
variables must be defined. These variables are written in upper case letters, whereas specific
outcomes are written in lower case. Multi-dimensional variables (e.g., random coordinates in
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an area) are written in bold face; scalar variables (e.g., random lengths) are in normal font.
The parameter j identifies a particular node, and the discrete time parameter ¢ denotes the
movement period of this node.

The random variable representing the Cartesian coordinates of the waypoint that a node
J chooses in its movement period ¢ is denoted by the vector PEJ ). With this definition, the
movement trace of an RWP node j can be formally described as a discrete-time stochastic

(

process, given by selecting a random waypoint Pij ) for each movement period ¢:

(PO P Pl P PO )

These waypoints are independently and identically distributed (i.i.d.) using a uniform random
distribution over the system space A. Since each node moves independently of other nodes, it
is sufficient to study the movement process of a single node. Thus, we often omit the index j.

Let us now consider the case that a node randomly chooses a new speed V; for movement
from P;_; to P; and a pause time T,; at waypoint P;. The complete movement process of a
node is then given by

{(Pi7%7Tp,i)}ieN = (Plu‘/th,l))(PQu‘/Q)Tp,Q)7(P37‘/37Tp,3)7"' ’ (2)

where an additional waypoint Pg is needed for initialization. A sample of this process is
denoted by {(p:, Vi, Tp,i) };cn- A movement period i can be completely described by the vector
(Pi—1, Pi; Vi, Tpi). When we just refer to a single random variable of a process, we omit the
index ¢ and just write P, V', or T},. The values for the pause time are chosen from a bounded
random distribution fr,(7,) in the interval [0, 7y maz] With 7pmee < o0 and a well-defined
expected value E {T,}. In general the speed is also chosen from a random distribution fy (v)
within the interval [Upin, Vmaz] With Vi, > 0 and vy,e, < 0.

3. Transition Length and Duration

In simulation—based research on wireless networks it is often desired to compare simulation
results that have been obtained using different random mobility models. To do so, one should
define a metric for the ‘degree of mobility’ of the simulated scenario. Due to the broad range
of mobility models used in the literature and their various parameters, such a definition is not
trivial. Nevertheless, we can state that two mobility parameters are of major interest in all
models:

— Speed behavior: Is there a constant speed or a speed distribution? When and how does
a node change its speed?

— Direction change behavior: What is the frequency of direction changes? How does a node
change its direction?
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For example, in the commonly used random direction model as described in [4], the time
between two direction change events is taken from an exponential distribution. This time is
independent of the speed of the node; and, if a wrap—around border behavior [3] is used, it is
also independent of the size and shape of the area.

As opposed to this, the RWP model correlates the speed and the direction change behavior.
The time between two direction change events is no longer an adjustable input parameter of
the model, but it depends on the speed of the nodes and the size and shape of the area. For
a given area, a higher speed results in a higher frequency of direction changes.

In this section, we thus investigate the time between two direction change events of the
RWP model. We first regard the transition length, i.e., the Euclidian distance that a node
travels during one movement period between two waypoints. We define the sequence of these
distances as a stochastic process and show its ergodic properties. Afterward, we give analytical
expressions of its probability density function (pdf) and the first two moments. Hereby, we
first investigate an RWP model in one dimension and then consider rectangular and circular
areas. Finally, we explain the conversion from transition length to time and discuss the impact
of the pause time. Among other results, we obtain equations for the average duration of an
RWP period with uniform and discrete speed distribution of the nodes.

3.1. STOCHASTIC PROCESS OF TRANSITION LENGTHS

As defined above, the stochastic process representing the RWP movement of a node j is given
by the sequence of random waypoints Péj ), ng ), .... The corresponding stochastic process of

distances between two consecutive waypoints is given by

(L0} = 10,190,190, ... with 19 = |P9 P | (3)

A sample of this process is written as {lz(j )}. While the random waypoints are i.i.d. per
definition, the distances are not stochastically independent, essentially because the endpoint
of one movement period ¢ is the starting point of the successive movement period ¢ + 1.

We are now interested in the expected value of L. It can be interpreted in two ways:

1<~ 0 15,0
EL:hm—g-j: lim—E-j . 4
{ m—00 1, l n—oo n L (4)
i=1 j=1
time average of node j ensemble average at period i

In words, the time average of the transition lengths experienced by a single RWP node j over
a long—run simulation (m — o0) is equal to the ensemble average of one period i in an RWP
process with many nodes (n — o0). In the nomenclature of random processes, we thus have
a mean—ergodic property of the RWP mobility model.

While this result is intuitively convincing, the proof is not trivial since the random variables
Li,Lo, Ls, ... are not stochastically independent. But despite the fact that ‘last endpoint
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equals next starting point,” the ergodic property holds as can be seen as follows. Assume we
look at a random process given by

{L2i-1};en = L1, L3, Ls ..., (5)

i.e., we look only at every second variable of the original process of random distances. The
length L; is a deterministic function of Py and Py, the length Ls a deterministic function
of Py and P35, and so on. Since Py, P1,Ps,... are i.i.d. random variables, it follows that
L1, Ls, ... are also independent. The mean—ergodic property is obtained immediately in this
sub—process because both the time and ensemble average is formed by mutually independent
variables. The same is true for the sub—process

{LQi}Z’GN = LQ, L4, L6 e (6)

Now, combining these two sub—processes does not change the asymptotic behavior of the
time averages of the combined process, thus, Equation (4) holds. In the same manner one also
obtains the distribution—ergodic property of the process.

With respect to our problem the above mentioned ergodic properties imply the following:
in order to determine the distribution or expected value of the transition length and time
observed by a single node following the RWP model, the analysis can be simplified by consid-
ering only the distribution of the distance between two independent points placed uniformly
at random in the system area. This observation allows the transfer of results of geometrical
probability theory to our problem. In the following, we make no difference in notation between
the ‘distance between two consecutive waypoints’ and the ‘distance between two independent
random points sampled from a uniform distribution.” Both are represented by the random
variable L.

3.2. TRANSITION LENGTH ON ONE-DIMENSIONAL LINE SEGMENT

We first consider a one-dimensional line segment [0,a]. Two random points are uniformly
placed on this segment, i.e., the pdf of a point’s location P = P, is

1/a for 0<z<a

fr.(z) = {O else

Since both points are independent from each other, their joint pdf is

(7)

1/a? for 0 < 1,22 < a

frara(onn) = fr(o) funle) = { o/ 00 (8)

The distance between two random points is defined by L = |P,; — Pys|. The probability
that this distance is smaller than a given value [ can be computed by the integral of the joint
pdf over the area defined by D = |z; — x2| < [ in the x1—z9—space, i.e.,

P(L<I) = H fPuyPoy (w1, 2) doy day (9)
D
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for 0 <1 < a. Clearly, P (L <) =1 for | > a. Taking into account the bounds of both D and
[P, P.y (21, 22), we obtain the cumulative distribution function (cdf)

1 I pax1+l a—l1 x1+!
a 0 Jo l z1—1

a a 1 2
+/ / d:rgdx1>_——2l2—|-—l. (10)
a—l Jx1—1 a a
The derivative of this function with respect to [ yields by definition the desired pdf
0 2 2
) = =P(L<L<I]) = —=I1+- 11
fill) = S P(L<]) =~ 1+ - (1)
for 0 <[ < a, and fL(I)=0 otherwise. The expected distance is
a 1
By = [nwd = 5o (12)
0
and its variance yields
a 1
2] _ 2 _ L 9
E{L}—/OlfL(l)dl—6a. (13)

With the above results on ergodicity, these stochastic properties of the distances between
a pair of independently uniformly distributed points also represent the stochastic properties
of the moved distance of an RWP node within one period.

3.3. TRANSITION LENGTH IN RECTANGULAR AREA

Let us now consider RWP movement in a rectangular area of size a x b and again derive
the distribution of the transition length L. Without loss of generality we assume a > b.
The spatial distribution of the two-dimensional waypoints P = (P, P,) is now given by the
uniform distribution

1/ (ab) for 0 <z <gand 0 <y <}

The distance between two points Py = (P, Py,) and Py = (Py9, Py,) is

L=[Py—Pif = \/!le — Puof* + |Pyy = Ppo|* = /12 + 2. (15)

Note that the random variable L, = |P,; — Pys| represents the random distance between
two uniformly distributed coordinates P,; and P, on a one-dimensional line segment [0, a.
Thus, its pdf is given by Equation (11). The same holds for L, = |P,, — P,,| if we replace
a by b. In addition, both random distances are independent of each other, and therefore the
joint pdf of L, and L, is given by

(14)

fraty(lesly) = folla) folly) = —p (— Lt a)(— 1y +b) (16)
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for 0 <, <aand 0 <1, < b, and 0 otherwise. Knowing this expression, we can derive the cdf
P(L < 1) by integration of fr,r,(lz,l,) over the circle area D = I2 + lf/ < l'in the l,~1,~space,
i.e,

P(L<I) ﬂfL 1y (e, 1) dly dl, (17)

As in the one-dimensional case, we cannot compute this integral in a straightforward manner,
namely by setting the right hand side of (16) in (17), but must take into account that
fr.r,(lz,1y) =0 for I, > a or I, > b. Thus, we distinguish between three cases:

FEVETR ) dly dis for 0 <1< b

JE YT f(1,,1,) dly dl,

PL<l) =4 4 (VOB bt diydl, forb<i<a (18)
JE PR 5 (1,00,) dly d,

+ fo\/—fmf( ly,ly) dlydl, for a <1< +Va?+ b2

Solving these integrals, taking the derivate with respect to [, and performing some trigono-
metric simplifications, leads to the following result.

Result. The pdf of the transition length L of nodes moving according to the RWP model
in a rectangular area of size a X b, a > b, is

fo(l) = aQbQ - fo(l) (19)
with
Tab—al — bl + 412 for0<1<b
ab arcsin + a2 — 02 — 10> —al  forb<l<a
fo(l) = § ab arcsin } + a2 — b2 §b2 (20)
ab arccos § + bv/I? — a? —2 1l2 fo1ra<l<\/a2+b2
0 otherwise

The same result of the distance pdf between two random points was derived by Ghosh in
1951 [12] using a transformation to polar coordinates.

Introducing the normalized random length L = L/a, Figure 3.3 shows f; (I ) for areas of
a

size a x a and a x §. For arbitrary a, the value of f1,(I) is obtained by fr(l) = clsz( ). The
expected value of L is [12]

1 (a3 b?

E{L}— +—+\/a2+b2 3————

b2 a?

1 |2 Va2 + b2 2 /a2 + b2
il b arcosh% + % arcosh% (21)
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with arcosh(z) = In (ac + Va2 — 1). Figure 3.3 shows the curve for E{L} /a over b/a. For

example, the expected length within a square of size a x a is E {L} = 0.5214 a, and a rectangle
of size of a x § yields E {L} = 0.402a. The variance of L is given by

E{1?} = % (a2 +0) . (22)

Note that for b — 0 the moments for the one-dimensional case are obtained, i.e.,
hmbﬂOE{L} = %a and hmbﬂoE{L2} = % a2'

3.4. TRANSITION LENGTH IN CIRCULAR AREA

On a circular system area of radius a, the distance pdf f7(I) can be derived, for example, as
follows. We regard a node with a given starting waypoint P = p and compute the conditional
probability P(L <1 | P = p) using basic geometric equations on the intersection area of two
circles. Hereby, we use polar coordinates. Straightforward integration over all possible starting
waypoints in the area gives P(L < 1), whose derivate is fr(I). These operations lead to the
following result, which is also reported in [14].

Result. The pdf of the transition length L of nodes moving according to the RWP model
on a disk of radius «a is given by

8 1 l l 1\?
= — — — /1 - = 2
fu) ma 2a (arccos 2a¢ 2a (Qa) ) ’ (23)
for 0 <1 < 2a and 0 otherwise.

Again, we can introduce a normalized random variable L= L/2a for simplicity. Figure 3.4
shows the plot of f; (). The expected value of L is

2a 128
E L = = — = . 4 24
(L) /0 () dl = 1 a = 0.9054a, (24)
and its variance is )
E{L?} :/ 12 £.(1) dl = a?. (25)
0

3.5. TRANSITION TIME

Let us now employ our results on the transition length to calculate the stochastic properties
of the transition time, i.e., the time it takes a node to move from one waypoint to the next
waypoint. The corresponding random variable is denoted by 71" and an outcome is written
as T.

If the speed of a node is constant during the entire movement process, i.e., V; =v= constVi
and v > 0, we have

1
T =—-1L. 26
- (26)
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Hence, the expected transition time is
1
E{T} = —E{L}, (27)
v

and its pdf can be computed by
fr(t) =v fr(vr), (28)
with E{L} and f, taken from (20-21) or (23-24), respectively.
We now consider the case in which the speed of a node is not constant but chosen from a
random distribution fy (v) at each waypoint (and then stays constant during one transition).
We require vmin <V <Umar and vy, >0 and can write

T=g. (29)

In this case, the random variable T is formed as a function ¢ (L,V) = L/V of two random
variables L and V. In general, the expected value of a variable g (L, V') can be expressed in
terms of the joint pdf fry(l,v) as [23]

E{g(L,V)} / / (o) frv(l,v) dido. (30)

In our case, L and V are independent, and thus their joint pdf is fry(I,v) = fr(I) fy(v). The
expected value can then be simplified to

E{T} = E{L} - fv( ) dv (31)

Umin

The pdf of T'= L/V can be computed by

) = [ T fo(or) fo () do (32)

min

for 0 < 7 < Tae With Tiae = lnaz/Umin, and fr(7) = 0 otherwise. Let us explain these results
in more detail by using three typical speed distributions: a continuous uniform distribution,
a discrete distribution, and a continuous beta distribution.

3.5.1. Uniform Speed Distribution
If we employ a uniform speed distribution within [vy,in, Vmaez|, the expected transition time is

In (Vimaz) — I (Unmin)
Umaz — Umin
Note that lim,,,,.—wv,.,., E{T} = E{L} /vmin corresponds to the result (27) for constant

speed v = vy, = const. Further note that the expected time for vy,;, =0 is undefined. This
is very reasonable because if a node chooses V = 0 the movement transition will take an

E{T} = E{L} . (33)
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infinite time. If the maximum speed can be expressed as a multiple of the minimum speed,
i.e., Vmaz = k * Uymin, with k > 1, we obtain
Ink E{L}

k—1 VUmin

E{T} =

. (34)

Ezample. A mobile node moves according to the RWP model on a disk of radius a. It
randomly chooses a new speed in each waypoint from a uniform distribution between [, vo].
The expected transition time is therefore given by E{T} = 1.2552a/vy. The pdf can be
computed by fr(r) = f;i)o/Qv fr(vr) % dv for 0<7<4a/vg, with fr(vr) taken from (23). The
resulting function for a = 1m and vy = 1m/s is illustrated in Fig. 3.5.1 and compared to a
node that moves with deterministic speed V' = vq for all periods. Clearly, the latter node has
on average a much shorter transition time, namely F {T'} = 0.9054 a /vy, since it always moves
with the highest speed vg. By proper scaling of both axes, we obtain the values for arbitrary
a and vg.

3.5.2. Discrete Speed Distribution

We now regard a node that chooses its speed from a set of J discrete values {v1,...,vj,...,v},
each value with a certain probability p;. Clearly, E‘j]:l pj = 1 must hold. Such a discrete speed
distribution can be expressed by fy(v) = Z‘j]:l p;j 0(v — v;), where the function 6(z) denotes
the Dirac delta function. The latter has the properties d(x) = 0 for z # 0 and 6(0) = oo and
J20, 6(z)dx = 1. The expected transition time is then given by

J
Dj
E{T} = E{L} —= . (35)
Ezample. An RWP node moving on a disk chooses in each waypoint either V =

v] = v9/2 or vy = vy, both speed values with equal probability. We thus have fy(v) =
3 (6(v —v0/2) + 6(v — vg)). The expected transition time of this node is £ {T'} = 1.3581 a/vo.
The pdf of T' can be computed with (32) and is shown in Fig. 3.5.1. If the speed value vg/2
is chosen with a probability p; = 0.9 the average transition time is increased to E{T'} =
1.7203 a/vg.

3.5.3. Beta Speed Distribution
A non—uniform, continuous speed distribution that is bounded by v, and vm,e: can be
expressed in terms of the beta distribution

1 (1 = o, )2t
v = . 36
fV( ) B (HlaHQ) Umaz — Umin ( )

with v, = —=4min___ The beta function B (u1, t2) is defined by fol 211 (1 = 2)"7 1 dz. De-

Umaxz —VUmin

pending on the non—zero parameters p1 and g, the function fy (v) takes a variety of shapes.
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For example, if g1 > 1 and pe > 1, it has a concave down shape with fy(v) — 0 for both
V' = Umin and vy If g1 = po, the curve is symmetric around % (Umaz — Umin ), otherwise the
maximum or minimum is shifted closer to vz OF Umin. For 1 = po = 1, a uniform distri-

bution is obtained. The average speed is always given by E{V} = Nli 2 (141 Vmaz + 12 Vmin)-

Example plots of the beta distribution can be found, for instance, in [23,28]. Using this large
class of speed distributions, the integral in (31) is again solvable, and we can calculate E {T'}
for a given system area in a straightforward manner.

Ezample.  An RWP node in a square area of side a chooses its speed from a beta
distribution with parameters p; = 4 and ps = 1 in an interval between v,,;, = 1 m/s and
Umaz =10m/s. The expected transition time is F {T} = 0.0665a s/m. For 3 = 2 and ps = 6
we obtain E {T'} = 0.1892as/m.

3.6. TIME BETWEEN TwO DIRECTION CHANGES

We now extend our study to the case in which a node rests a certain pause time in each
waypoint. The total time 7" of an RWP period is then composed of a movement transition
time 7" and a pause time 7T, i.e,

T'=T+T,. (37)
This linear combination of two independent random variables yields an expected value
E{T'} =E{T}+ E{T,} (38)
and the pdf

fr(th) = /OT fr(r) fr, (" —7)dr for 7" >0. (39)

The value of FE {T"} represents the average time between two direction changes. Thus, the
direction change frequency is given by 1/E {T"} in unit 1/s.

Example. We consider a 1000 x 500m? simulation area. The nodes move according to
the RWP model with constant speed v = 10m/s and a pause time taken from an exponential
distribution fr,(7,) = pe™#™ with a mean pause time p = 10 s. The expected epoch length is
E{L} = 402m. The expected epoch time is F{T"} = 40.2s+ 10 s = 50.2s. If we increase the
speed to v = 20m/s, we obtain E {T"} = 20.1s+10s = 30.1 s, i.e., anode is expected to change
its direction more frequently. Increasing the area to 1000 x 1000 m? reduces the frequency of
direction changes. We then have E {T"} = 62.1 s (with v = 10 m/s) and E {T'}' = 36.05 s
(with v = 20 m/s).

This example illustrates that, in the RWP model, the mobility metric ‘speed’ and the
size and shape of the area directly influence the mobility metric ‘direction change.” In other
words, the two metrics ‘speed’” and ‘direction change’ cannot be treated as independent input
parameters in this model.
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4. Spatial Node Distribution

In the previous section, we investigated the distance and time between two consecutive way-
points in the RWP model. These waypoints, which represent the starting and ending points
of a node’s movement period, are uniformly distributed per definition. In this section, we also
take into account the locations that a node visits while moving in a straight line between its
waypoints: we study the spatial distribution of nodes resulting from their RWP movement in
a rectangular or circular system area 4. Again, it is sufficient to regard a single node, because
each node moves independently.

Let the random variable X = (X,Y’) denote the Cartesian location of a mobile node in A
at an arbitrary time instant ¢. A particular outcome of this variable is denoted by x. With
this definition, we can express the spatial distribution of a node in terms of the probability
density function

fX(X) = fXY(-TJ/) (40)
P(( —S<X<a+d) A (y-3 <Y<y+g))
=lim
6—0 62

Note that, in general, a conversion to polar coordinates R = v X? 4+ Y2 and ® = arctan (Y/X)
yields the joint distribution fre(r,¢) =r - fxy(r cos @, r sin ).

The probability that a given node is located in a certain subarea A’ C A can be computed
by integrating fx(x) over this subarea, i.e.,

P(nodein A') = P(Xe A) = jf fxy(z,y) dA. (41)
A/

The differential area element dA is given by dA = dxdy in Cartesian coordinates. The resulting
probability P(X € A’) can be interpreted as the percentage of time that a given mobile RWP
node is located in the subarea A’ during a long-run movement process with many transitions.
But it can also be interpreted as the ensemble average if we regard a simulation with many
mobile RWP nodes (n > 1). Then, E {n’} =n P(node in A’) denotes the expected number of
nodes located in A’ at an arbitrarily chosen time instant.

At the beginning of a simulation, all nodes are typically uniformly distributed, so fx(x)
is given by a uniform distribution over A at time ¢ = 0. However, as it has been observed
in [4,7,25], this distribution changes as the nodes start to move. This is because the nodes’
movement paths tend to go through the center of the system area. For example, a node
starting at a waypoint close to the border of the system area clearly finds more destination
waypoints in directions toward the center of the area than toward the border. Most likely, it
chooses a destination point that requires the node to pass the central area during its next
movement period. As time goes on and the nodes perform a number of movement periods, the
node distribution becomes more and more non—uniform, with a maximum in the middle of
the area and a probability density of fx(x)=0 at the borderline. Finally, for a long running
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time of the movement process, a stationary distribution is achieved [3]. In the following, we
show this stationary distribution for RWP movement with and without pause time.

4.1. SPATIAL DISTRIBUTION WITHOUT PAUSE TIME

We first regard random waypoint mobility without pause time at the waypoints, i.e., the
nodes are continuously moving. Figure 4.1 shows the spatial node distribution fx(x) of such
an RWP movement process obtained through a long-running simulation in a square system
area of size 1000 x 1000m? as well as on a disk of radius a = 500m [3,6]. In both cases
fx(x) has its maximum at the center of the system area, while the probability of finding a
given node close to the border goes to zero. The circular distribution is rotational-symmetric
around the center and also the distribution of the square area shows a symmetry. Another
important observation is that the distribution is independent of the speed of the nodes.
As suggested in [6], we can use the analytical expression

CL2 CL2
fx(x) = fxv(z,y) =~ % <$2 - Z) (3/2 - Z) (42)

to approximate the distribution in a square area of size a x a defined by —a/2 < x < a/2
and —a/2 <y < a/2. As usual, [[, fx(x)dA=1 holds. The quality of this approximation is
evaluated in detail by Santi and Resta in [24]. In fact, it was shown that (42) approaches very
closely the distribution obtained by high—confident simulations. An almost exact equation for
the spatial distribution in a square has been derived in [5], and [6] gives an approximation for
the circular case. The asymptotic density function on a line segment [0, a] is given by

fx(x)=—=2"+ ==z (43)
for 0 < z < a, and 0 otherwise [5,6].

4.2. SPATIAL DISTRIBUTION WITH PAUSE TIME

Let us now move on to study RWP nodes that are also allowed to pause a certain amount of
time 7, at their destination points. The resulting spatial node distribution fx(x) is then given
by the superposition of two distinct components, namely a pause component and mobility
component. Both components are probability density functions weighted by the probability
that a node pauses or moves, respectively [24]. Let p,, denote the probability that a given node
pauses at a randomly chosen time. We can then set up:

fx(x) = pp fxp(x)  +  (1—pp) fxm(x) . (44)
————
pause component mobility component

The pdf fx p,(x) represents the spatial distribution of all nodes that are currently pausing
at a destination point. Since the destination points are chosen from a uniform distribution,
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fx p(x) is also uniform. Thus,

1
wi xe A

Fxp(x) = {T else ' (45)

The pdf fx m(x) of the mobility component represents the spatial distribution of all moving
nodes. It is thus given by the results of Section 4.1, i.e., the right hand side of (42) for a square.
Recall that 7; and 7,; denote the time that a node moves or pauses, respectively, during
an RWP period i. The pause probability p, is given by the percentage of time that a node
pauses during a long—running process. Assuming that each node pauses a fixed time period
7, at each waypoint ¢ (i.e., T, ; = 7, Vi) we have [24]
Y1 Tpi Tp

= lim = . 46
= ST it )t BT (46)

with the expected transition time E {T} = lim, oo = > /%) 7; given in Section 3.5. If we
regard a generalization in which the pause time is taken from a pdf fr,(7,) with an expected
value £ {T,}, the pause probability can be calculated by

E{T}
E{T,} + E{T}"

Pp = (47)
Applying the values of p, in (44) allows for the computation of the node distribution in a

variety of scenarios. Table 4.2 shows some mappings between the pause probability p, and

_pp  E{L}

T—p in a square system area of size a X a.
P

expected pause time F {T,} =

5. Movement Direction

One of the major reasons why the spatial node distribution resulting from the RWP model
is non—uniform is the fact that nodes take a non—uniformly distributed direction angle at
the beginning of each movement period 7. The probability density function of this angle is
determined by the shape of the system area and the starting waypoint p of the node. Let us
investigate this issue in more detail for a one—dimensional line segment and a circular system
area. All angles are defined in radian notation.

5.1. ONE-DIMENSIONAL LINE

We first consider a one-dimensional line segment [0,a]. The random variable representing
the direction of a node is denoted by I' and a specific value is . A node located at a given

! Note that other stochastic mobility models which directly choose a destination direction rather than a
destination point and allow a bounce back or wrap—around behavior at the border of the system area are able
to achieve a uniform spatial distribution (see, e.g., [3]).
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waypoint P = z, with 0 < x < a, chooses a new destination point and then moves either to
the right (direction I' = 0) or to the left (direction I' = ).

It is straightforward to observe that a certain direction is chosen with high probability, if
many potential destination points lie in this direction. Since the destination points are taken
from a uniform distribution, we obtain P(I' = 0|P=x) = “-* and P(I'=7|P=x) = 7, and

therefore
a—z

Joly | P=a) = “—=6(1) + = oy — ), (48)

where §(-) again denotes the Dirac delta function.

5.2. CIRCULAR AREA

In a circular area it is useful to employ polar coordinates for the location of the starting
waypoint. We use P and P, as random variables, and 7 and ¢ for particular values of theses
variables. The definition of a node’s movement direction v (random variable I') in a two—
dimensional system space is shown in Figure 5.2. It denotes the angle between a horizontal
line and the current movement vector of the node, where 0 < v < 2x. In each waypoint a node
‘chooses’ such a direction angle whose value remains constant during one movement period.
Unfortunately, the outcome of this angle depends on both polar coordinates of the starting
waypoint. Thus, as shown in Fig. 5.2, we introduce in each waypoint a second, alternative
direction angle denoted as # (random variable ©). This angle is defined in a way that © =0
for movement transitions going through the center of the circular system area. Again we have
0 < © < 27. A major advantage of this definition is that the outcome of © is independent
of the polar angle ¢ of the starting waypoint. On the other hand, it is only convenient to
use 6 in the waypoints. It can then be directly mapped to v for given ¢. If we define that
counterclockwise angles count positive, we have

y=0+¢+m. (49)

Our aim is now to derive first the distribution of © for a given starting waypoint P = p.
This conditional distribution is denoted by feo(6|P=p). Later, we transform this distribution
to fr(v|P =p). Both probability density functions give us information about the direction
that a node takes when it starts at a waypoint with known location p. Finally, we integrate
over all possible starting points in the circle to obtain the unconditional pdf fg(6).

Without any calculation, we can already make the following four statements about the pdf
of the direction © in a given waypoint. First, it is independent of the polar angle ¢ of the
starting waypoint, i.e., fo (|P=p) = fo(0| P. =r). Thus, in the following, we just write
fo(0 |r) for simplicity of notation. Second, the direction is uniformly distributed for nodes
starting at P.=0, i.e.,

1
f®(9|0):2— for 0<60<2rm.
T
Third, for all P.#0, the highest value in the pdf is achieved for © =0, the lowest for © =
max (fe(0|r)) = fo(0|r) for 0<r<a
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min (fo(0|r)) = fo(r|r) for 0 <r <a.
Last but not least, the pdf shows the symmetry

fe(@—A0|r) = fo(@+A0|r) YA, Vr.

In the following we derive fg(6|r). Let P(© <6 |r) denote the probability that a node at a
given waypoint (7, ¢) takes a movement angle © that is lower than a certain value . Clearly,
a node takes such a direction, if it chooses a destination point within the area spanned by
0 < O < 0 (see Fig. 5.2). Let us denote this subarea by .4y. The probability that a destination
point is chosen in Ap is given by the area integral of the spatial pdf fp, p, (x,y) over this
subarea. Since the destination waypoints are chosen from a uniform spatial distribution, we
can set up

PO<O|r) = H—dA 141l (50)

a?m

with the area element given by dA = dx dy = r dr d¢. For given r, we define the length 1,4, (6)
as the maximum possible transition length of a node at r in the direction 6" (see Fig. 5.2).
Note that this length is independent of the polar angle ¢. Using the law of cosines for 6 in
the triangle with sides {l;;4:(0’), a, and r}, we obtain a quadratic equation for l,,,4,(6’), whose
solution is

lmaz(0') = rcos@ 4 1/a? — r2sin? 6’ . (51)

The area size || Ag|| can now be computed by

0 lmaz(0") 0
14g]l = //_0 //_0 o dr’ ' = / 5zgm(e') do’ (52)

The desired pdf fo(f|r) is given by the derivate of P(© <@ |r) with respect to 6, which
gives
0 11,
— < _ .
fol017) = S-POLOI) = = 2 12,,(0) (53)

We can conclude with the following result.

Result. A node moves in a circular area of radius a according to the RWP model. At the
beginning of each movement period, it chooses a new destination waypoint. The pdf of the
direction O from the old waypoint (7, ¢) toward the new waypoint is

2
1 (r [r2 .
f@(@\r):% (ECOSH—I— 1—$sm20) . (54)

The plot of this pdf is shown in Figures 5.2 and 5.2 for various r. Let us briefly discuss this
distribution. We can say that the above statements on the symmetry and maxima/minima
hold. Furthermore, we observe that the function just depends on the ratio r/a. Nodes located
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at the border of the area, i.e., r close to a, have a high probability of taking 6 around O,
i.e., they tend to move toward the center of the disk. In the extreme case r — a, we have
fo(f|r) =0for I < 6 < 3x. This effect decreases as a node starts closer to the center of the
disk, until a uniform direction distribution is achieved for r = 0.

As mentioned above, we now convert, our result to the random variable I'. This yields

fr(y(r, ) = fel(y —¢—m|r) (55)

and
E{l}=¢+m. (56)

Finally, we calculate from the conditional pdf fg(#|r) the unconditional pdf fg(6). This
distribution informs us about the direction 6 that a node chooses at an arbitrary waypoint, if
we do not know the location of this waypoint. Weighting fg(0|r) with the (uniform) spatial
distribution of the waypoints and integrating over all possible locations yields

27 ra
fo0) = [ [ fol61r) v drdo (57)

1
= m[[sin@] (— 2cos? @ — 2cos? 0 |cos O] + cos® O + cos 0 |cos O] + 1)
T (S1N

+ arcsin (|sinf)|) COSH] .

The plot of fg(f) is also shown in Figure 5.2. Clearly, the most frequent direction is © =0
while © =7 is very unlikely. In fact, the probability that a node takes its direction within the

T 3n
252
toward the central region of the area with —% < © < 7.

interval [ } is only 12.5%, whereas in 61.4% of all movement transitions a node moves

6. Cell Change Rate

We now regard RWP movements on a system area that is structured by a grid into a set of
cells. We are then interested in the corresponding cell change rate of an RWP node, defined as
the number of cell changes per unit time. There are two reasons for studying the cell change
rate: first, our major motivation is that some network services in a mobile ad hoc network,
like the Grid Location Service [21], assume that the system area shows a grid structure and
nodes have to send some signaling messages whenever they move from one cell to another
one. A second reason is that the RWP model can also be applied to model a node’s mobility
behavior in a cellular network, e.g., in a wireless LAN system, where the cells represent the
radio coverage of the base stations. In both scenarios, the amount of signaling traffic is related
to the cell change rate.

For this analysis we consider a rectangular system area of size a x b. This area is divided
into a X 3 rectangular cells of equal size. Figure 6 gives an example with a = b and a = 8 = 3.
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A cell change event occurs if a node crosses the boundary line between two cells. Clearly,
the assumption of rectangular non—overlapping cells is an idealization for the second scenario
described above. Real radio cells have various shapes and are overlapping. Moreover, the cell
change rate depends, for example, on the handover decision and location update algorithm.
However, since stating an expression that covers all the particular cases is not feasible, we
study the simplest but most general case, the grid scenario.

6.1. CELL CHANGES PER TRANSITION

Our first aim is to analyze how many cell boundaries a node crosses on average during one
movement transition. The corresponding random variable is denoted by C'. By denoting c;
the outcome of this random variable in transition ¢, we can write

E{C} = lim_ % > e (58)
i=1

The outcome of C is a deterministic function of the random starting waypoint P; =
(Pr1,Py,) of a node and its next destination waypoint Py = (Pyq, P,,). In fact, in our grid
structure, the number of cell changes depends only on the cell positions of these two indepen-
dent waypoints. In the following, the horizontal position of a cell is indexed by £ = 1,2,...,«
and its vertical position by ¥ = 1,2,...,3. The cell position of a point can thus be written
as (§,%). A point at (z,y) has cell position { = [£*] and ¢ = [%], where [x] denotes the
ceiling function giving the smallest integer that is larger then or equal to x. If a node moves
from a waypoint in cell (£1,11) to a waypoint in cell (§2,12), the number of cell changes is
given by the Manhattan distance (I; norm) between the cells, i.e.,

c(€1,vY1,82,92) = [§1 — &of + 1 — o] . (59)

The expected value of C' can then be computed by the average of ¢(&1, 1, &2,12) over all
possible cell pairs:

1 «

E{C} = 23

B

a B
Z Z 0(517 sz)la 527 ¢2) . (60)
&1=11 =11p=1

&2

Ezample. We give a simple example for a scenario with 3 x 3 cells (see Fig. 6). A movement
transition from cell (1,1) to (1,1) yields no cell change, a transition from (1,2) to (1,1) or
vice versa yields ¢ = 1 cell change, between (2,2) to (1,1) we obtain ¢ = 2, and so on. Using
Equation (59) in (60) with o = 3 = 3 yields F {C} = 1.778 cell changes per transition.

Let us make some more comments on the above result. We observe that if we use the
Manhattan distance |§; — &| + 101 — 2], the expected number of changes can be expressed
as asum E{C} = E{C¢} + E{Cy}, where C¢ = |§1 — &| and Cy = |11 — 12| represent the
number of horizontal or vertical cell changes, respectively. Moreover we note that an upper
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bound for F {C} is given by %(a + (). For many cells, i.e., high « and £, this bound can be
used as a good approximation for £ {C}. In other words,

E{C) = %(a+ﬁ)—e,withsmalle>0. (61)

The relative error of this approximation, €/F {C}, is lower than +1% if &« > 10A 3 > 10, and
it decreases for increasing a and 3. In the asymptotic case, we have lim, g € = 0.

Using the Manhattan distance metric, the movement of a node to a diagonally adjacent
cell is always counted as two cell changes. We do this because the probability that such a
movement transition goes directly through a single grid point goes to zero. Thus, the set of
all transitions crossing a single grid point is a ‘null set.’

6.2. CELL CHANGE RATE

We are now interested in the average number of cell changes of an RWP node per unit time,
denoted by E {C;}. This value can be interpreted as the ‘cell change rate’ or ‘cell change
frequency’ and serves as a good measure for the degree of mobility of a node or a certain
scenario.

The expected number of cell changes per unit time is given by the sum of all cell changes
that occur in a long run simulation divided by the entire simulation time. We can therefore
apply our results from the number of cell changes per movement transition and the transition
time (Section 3). We write:

. yra EB{C)
BGd = i Ser = Bry

(62)

Ezample. An RWP node moves on a square system area A consisting of a x « cells, each
cell with a side length of 250 m. In each waypoint it chooses a new speed V from a uniform
distribution between v,;, and v;,q.. There is no pause time in the destination points. We
now investigate the cell change rate as the number of cells o increases. Using a x « cells
of fixed side length 250 m, the size of the system area is given by ||A|| = 62500 o> m?. Using
E{C:} = E{C} /E{T} with (59,60) and (33), we computed the number of cell changes per
minute for four different pairs of v, and vy,q.. The result is shown in Figure 6.2.

For each speed distribution we obtain a different cell change rate. The dependency on the
number of cells shows an asymptotic behavior for an increasing system area: if « is small
the cell change rate increases significantly, but if « is large enough it is almost independent
on « and converges smoothly toward an asymptotic value. This is because for a large system
area, the maximum number of cell crossings per transition is limited only by the speed of the
node. The asymptotic cell change rate can be computed using (61) with € = 0. It represents
a metric for the node mobility of a given scenario. For example, a node with a uniform speed
distribution within 3...8m/s has a higher cell change rate than a node with a uniform speed
within 1...10m/s, although both node types have the same average speed E{V} = 5.5m/s.
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7. Related Work

Related work by other authors on the analysis of the random waypoint model has been
published quite recently in [7, 10, 24, 26, 27]. Blough, Resta, and Santi [7] performed a
simulation—based study in order to test for which parameters the spatial node distribution
resulting from the RWP model and a Brownian motion—like model can be approximated by
the uniform distribution. As mentioned above, the same group of authors investigated the
impact of pause time on the node distribution [24].

Furthermore, Song and Miller [27] studied by means of OPNET simulations how the RWP
parameters influence a node’s ‘mobility factor.” This factor is defined in that paper as the
average change of distance of a node to all other nodes per unit time. Another paper that
contains simulation results on various RWP issues is by Chu and Nikolaidis [10]. Finally, the
paper [5], by Bettstetter, Resta, and Santi derives in an analytical manner an almost exact
equation for the spatial node distribution of the RWP model in a square area.

8. Conclusions

This paper presented a mathematical analysis of some stochastic properties of the well-known
random waypoint mobility model. After giving a formal description of this model in terms of
a discrete—time stochastic process, we investigated (a) the length and duration of a movement
between two waypoints, (b) the resulting spatial node distribution and its dependence on the
pause time, (c¢) the chosen direction angle at the beginning of a movement transition, and (d)
the number of cell changes for an RWP model used in a cellular—structured network. These
results give a deeper understanding on how this model behaves in simulation—based analysis
of mobile wireless networks.

In particular, our equations for the movement transition time as well as the cell change rate
enable us to make a statement about the ‘degree of mobility’ of a certain simulation scenario.
Such a mobility metric is needed if we want to compare simulation results made with the RWP
model and a different model and to identify the influence of mobility on simulation results.
We have shown that the time between two direction changes is determined by the speed of
the nodes and size and shape of the area. The knowledge of the spatial node distribution is
essential for simulation—based investigations on interference between nodes, medium access
control, and connectivity issues, to name a few. Finally, the derived direction distribution
explains in an analytical manner the effect reported in [4] and [25] that nodes tend to move
back to the middle of the area. Being unaware of this behavior may lead to misinterpretation
of simulation results.

The methods employed in this paper can also be applied to other models, in order to derive
appropriate measures describing stochastic mobility in a precise and meaningful manner.
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Figure 1. Illustration of random waypoint movement
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Figure 2. Pdf of transition length of RWP nodes in a rectangle
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Pp 0 0.1 0.161 0.2 0.5 0.658 0.9 0.951 1.0
YE{T,} 0 0058 01 0130 0521 10 4689 10 oo

25



26 Bettstetter et al.

1.7 T T T T T T

16 [ [ [ < e NG
b o N
1l _— NG
13k I SN
1.2 b [

R e e e

wb /S
N
oL / S S R S R
06 F T 0 OO RUOOOSPNOIO: SO SN
0.5 [ L
04 f
ol /o
aff
ol S R SR SR S S

f(1/2a)
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Figure 6. Spatial node distribution resulting from the RWP model (simulation results)
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Figure 8. Distribution of movement direction
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Figure 11. Expected cell change rate E {C;} on a square area of size ||.A|| = 62500 &> m®. The number of cells

is . The length of one square cell is always 250 m.



— = O 00 O ULk Wi+

)

Bettstetter et al.

List of Figures

Tllustration of random waypoint movement

Pdf of transition length of RWP nodes in a rectangle

Expected transition length of RWP nodes within an a x b rectangle

Pdf of transition length of RWP nodes on a disk of radius a

Pdf of transition time of RWP nodes on a disk (a = 1m, vgp = 1 m/s)

Spatial node distribution resulting from the RWP model (simulation results)
Definition of direction angles

Distribution of movement direction

Distribution of movement direction

Cell changes per transition

Expected cell change rate E {C;} on a square area of size ||.A|| = 62500 o> m2.

The number of cells is 2. The length of one square cell is always 250 m.

List of Tables

Mapping between pause probability and expected pause time (square area)

24
24
25
26
27
28
29
30
31
32

33

25



